THEOREM 1. Let P(z) be a polynomial whose zeros z l9 z 2 , m ',z n (n^>2) lie in \ z \ ^ 1 such that 1^1 = 1. Then the disk z -z λ \ ^ 1 always contains a zero of P'(z).
Furthermore the disk z -z x \ < 1 always contains a zero of P'(z) except when P(z) = c(z n -e iθ ).
Proof. Without loss of generality we may assume that z x -1,
, n and P'(l) = 1. We shall show that the polynomial P\z + 1) has at least one zero in the closed unit disk. If this is not so then the following representation of P'(z + 1) is possible [1] for I z |< 1.
where f(z) is analytic in the unit disk and less than one in modulus. From (1) by differentiation we obtain
The polynomial Q(z) defined by the relation P(z) = (z -l)Q(z) satisfies Q(l) -P'(l) = 1 and 2Q'(1) -P"(l). Hence applying (2) we obtain 3 .
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Z. RUBINSTEIN from which we deduce that | Q'(l) | < (n -l)/2. On the other hand since | z k | ^ 1, Re 1/(1 -z k ) ^ 1/2 and thus Re Q'(l) ^ (n -l)/2. This contradiction proves the theorem.
To prove the second part of the theorem we observe that | f(z) | g 1 even if P r (z + 1) Φ 0 for | z \ < 1, so that in this case we also obtain a contradiction unless all the z k lie on the unit circumference and f(z) is a constant of absolute value one. This implies that P(z) has all its zeros on the unit circumference such that P'(z) has an (n -1) fold zero on the circle | z -11 = 1. 
